Introduction
In this paper we study transversely holomorphic foliations of complex codimension one with some hypothesis on the transverse structure. A real codimension two smooth foliation F of a differentiable manifold M ℓ+2 is transversely holomorphic of (complex) codimension one if its holonomy pseudogroup is given by biholomorphic maps between open subsets of C. In [1] and [9] one finds the complete classification of transversely holomorphic flows on closed 3-manifolds. This paper deals with the case ℓ ≥ 2, i.e., the leaves of F have real dimension ℓ ≥ 2. Due to the lack of some ingredients that play a fundamental role in the case of flows, as harmonic time parametrizations and classification of compact complex surfaces, we make additional hypothesis on the foliation F. The idea is to classify, at a first moment, the simplest transversely holomorphic foliations of codimension one. From the structural point of view the simplest foliations are those with an homogeneous transverse structure compatible with the transversely holomorphic structure. These will be called C-transversely homogeneous foliations. Examples are given by foliations with C-additive, affine or projective transverse structure. We shall prove that these are the only cases (cf. Proposition 2.4).
Theorem A. Let F be a transversely holomorphic foliation of codimension one on M given by a transversely holomorphic integrable 1-form Ω. Assume that F is C-transversely affine on M \Λ for a compact leaf Λ ⊂ M such that:
(1) Λ contains an attractor on its holonomy group. (2) We have H 1 (Λ, C * ) = 0 or, more generally, Λ is given by some equation Λ : {f = 0} where f : M → C is transversely holomorphic.
where Ω O F is the sheaf of closed transversely holomorphic 1-forms on M that vanish on T F. Then the holonomy group of Λ is abelian. In particular F is locally logarithmic, i.e., given by a closed transversely meromorphic 1-form ξ with simple poles in a neighborhood of Λ in M .
As an application of our techniques we prove:
Theorem B. Let G be a codimension one holomorphic foliation with singularities in a complex Stein manifold X n of dimension n ≥ 3. Let A ⊂ X be a relatively compact open subset with smooth simply-connected boundary 1 M = ∂A transverse to G. Suppose that the induced foliation F = G| M is holomorphically transversely affine in M \Λ where Λ = Γ ∩ M and Γ ⊂ X is transversely analytic and invariant by G (e.g. Γ ⊂ X is closed and invariant by G). Also assume that each leaf L ⊂ Λ of F contains an attractor on its holonomy group. Then G is logarithmic in a neighborhood of A in X.
Theorem B also holds under some more general conditions (see Remark 6.4) . Using Theorem B and [15] we promptly obtain: Corollary 1.1. Under the hypotheses of Theorem B if A is diffeomorphic to a ball B 2n ⊂ C n and M is diffeomorphic to a sphere M ≃ S 2n−1 ⊂ R 2n then n = 2 and G| A is holomorphically conjugate to a linear foliation L : z dw − λw dz = 0 on C 2 with λ ∈ C\R.
Transversely holomorphic foliations with homogeneous transverse structure
Let F be a transversely holomorphic foliation of codimension one on M ℓ+2 . Thus any point p ∈ M has an open neighborhood p ∈ U ⊂ M where we have local coordinates (x, z) ∈ R ℓ × C where F is given by z = c ∈ C. We can, as in [1] introduce the sheaf O(F) (respectively M(F)) of transversely holomorphic/meromorphic functions on M as given by the functions defined on open subsets of M which are locally constant along the leaves of F and transversely holomorphic. This means that such a function writes in the local coordinates as f (z) with f (z) holomorphic. Similarly we can introduce the sheaf Ω 1 (F) (respectively, Ω 1 m (F)) of transversely holomorphic/meromorphic one-forms on M . Definition 2.1. A smooth foliation F of real codimension two has a holomorphic homogeneous transverse structure if there are a complex Lie group G, a connected closed complex subgroup H < G such that F admits an atlas of submersions y j :
In other words, F has a transversely holomorphic atlas of submersions whose transiction maps are given by left translations on G and submersions taking values on the homogeneous space G/H. In particular F is transversely holomorphic. We shall say that F is C-transversely homogeneous of model G/H.
The foliation is C-transversely additive when there are maps g ij in the definition of holomorphic homogeneous transverse structure which are of the form g ij (z) = z + b ij , b ij ∈ C locally constant in U i ∩ U j . If g ij (z) = a ij z + b ij , for locally constant a ij ∈ C − {0} and b ij ∈ C we say that F is C-transversely affine and it is C-transversely projective if g ij (z) = a ij z+b ij c ij z+d ij with locally constant
Next we give a couple of examples of these structures.
Example 2.2. We will define a C-transversely affine (transversely holomorphic) foliation on a compact manifold. This will be a non-singular foliation with dense leaves which are biholomorphic to C * ×C * or cylinders C * /Z×C * . We begin with a general construction inspired in [19] . Let M be a compact differentiable manifold of real dimension n. Let ω be a closed 1-form on M and f : M → M a smooth diffeomorphism such that f * ω = λω for some λ ∈ C * with |λ| = 1. Define Ω on M ×C * by Ω(x, t) = t.ω(x), x ∈ M, t ∈ C * . Then we have dΩ = η ∧ Ω where η(x, t) is defined by η(x, t) = dt t . Then dη = 0 and η is transversely holomorphic, thus Ω defines a codimension one transversely holomorphic foliation F in the product M × C * . The foliatioñ F is C-transversely affine as a consequence of Proposition 4.1. Now we consider the action Φ :
This is a locally free action generated by the transversely holomorphic dif-
Notice that the action of ϕ preservesF as well as its C-affine transverse structure. Indeed we have ϕ * Ω(x, t) = λ −1 t.λ w(x) = Ω(x, t) and ϕ * η = η. In particular, F induces a codimension one transversely holomorphic foliation F on the quotient manifold V = (M × C * )/Z. The foliation F inherits a C-affine transverse structure induced by the pair (Ω, η). This is a pretty general construction. Let us give a more concrete one.
We consider a variant of the Furness example (see also [17] ): Consider the unimodular map U = 1 1 1 2 : R 2 → R 2 ; U (x, y) = (x + y, x + 2y).
This map induces a biholomorphism f : T 2 → T 2 , where
and U is Z × Z invariant (Z × Z acts on R 2 by the natural product action) so that it induces a 1-form ω in the torus T 2 . The 1-form ω satisfies
Example 2.3. We consider a Riccati foliation on M 3 = S 1 × S 2 as follows. Recall that S 1 = RP 1 = R ∪ {∞} and S 2 = CP 1 = C = C ∪ {∞}. Given affine coordinates x ∈ R ⊂ S 1 and z ∈ C ⊂ S 2 we consider the differential equationẋ
are polynomials. In real coordinates we may write z = z 1 + iz 2 where z 1 , z 2 ∈ R and i 2 = −1 and rewrite the above ODE aṡ
This polynomial vector field induces a transversely holomorphic foliation F(Z) on M 3 \ S for a finite singular set S ⊂ M 3 given in the affine space by the pairs (x j , z j ) such that p(x j ) = 0 and a(x j )z 2 j + b(x j )z j + c(x j ) = 0. The foliation F(Z) has the following property: F(Z) is transverse to the fibers of the fibration S 1 ×S 3 → S 1 , , (x, z) → x, except for a finite number of such fibers (those given in the affine part by p(x) = 0 and perhaps the fiber x = ∞). This implies, together with Ehresmann theorem on fibrations [10] that F(Z) is transverse to the fibers of the fiber bundle S 1 × S 2 → S 1 except for those mentioned fibers. All these nontransverse fibers are invariant by F(Z). In particular, if Λ ⊂ M 3 denotes the union of these invariant fibers then the restriction F(Z) M 3 \Λ is conjugate to the suspension of a certain representation ϕ :
Since the foliation is clearly transversely holomorphic, in a way compatible with the holomorphic structure of the fibers of the bundle M 3 → S 1 , we conclude that the image ϕ(π 1 (S 1 \ σ)) ⊂ Dif(S 2 ) consists of holomorphic diffeomorphisms of the Riemman sphere, i.e., we have a suspension of a group of Moebius maps G ⊂ SL(2, C). This shows that F(Z) is indeed, transversely projective in M \ Λ.
The proof of the next proposition follows the one in [17] .
Proposition 2.4. Let F be a codimension one transversely holomorphic foliation on M . If F is holomorphically transversely homogeneous then F is holomorphically transversely additive, affine or projective.
Proof. By the hypotheses the quotient R = G/H is a Riemman surface. We may assume that R is simply-connected (otherwise we consider the universal covering of R and lift the submersions to this space). By the Riemann-Koebe Uniformization theorem we have a conformal equivalence R ≡ C, C or D the unitary disc. This implies that either
. The proposition follows.
The transversely additive case
In what follows we study the following situation: F has a C-additive transverse structure on M \Λ where Λ ⊂ M is a finite union of compact leaves of F. This means that there is an open cover of M \ Λ by open sets U j where are defined submersions y j : U j → C such that F U j is given by dy j = 0 and for each intersection U i ∩ U j we have y i = y j + a ij for some locally constant a ij . Taking the differential dy i = dy j we conclude that there exists a closed transversely holomorphic 1-form ω on M \Λ such that F| M \Λ is given by ω = 0 and, by construction, ω U j = dy j . Thus ω is invariant by the holonomy pseudogroup of F in M \Λ. Our aim is to study the holonomy group of a leaf L ∈ F, L ⊂ Λ. By [14] , [3] we may find in D a dense subset of points q ∈ D which are hyperbolic fixed points for elements f q ∈ Hol(F, L, D, p). Given such a fixed point f q (q) = q we choose a local chart z : V ⊂ D → C, taking q onto 0 ∈ C and such that f q (z) = λz with |λ| = 1 is linear. The leaf L q ∈ F that contains q has therefore an homotopy class γ ∈ π 1 (L q , q) that originates the holonomy map
As we have seen, there exists a closed transversely holomorphic 1-form ω on M \Λ such that F| M \Λ is given by ω = 0 and, by construction, ω is invariant by the holonomy pseudogroup of F in M \Λ. In particular, we must have
z and therefore, since the set of hyperbolic fixed points is dense in D we must have g −1 = 0 and ω| V ≡ 0. This implies ω ≡ 0 in M \Λ, contradiction.
If we add a dynamical hypothesis, then more can be said: Proposition 3.2. Let F be a transversely holomorphic codimension one foliation on M and suppose that F is holomorphically transversely additive in M \Λ where Λ ⊂ M is a finite union of compact leaves. Then F is given by closed transversely meromorphic 1-form ω with simple poles and polar divisor (ω) ∞ = Λ provided that each leaf L ⊂ Λ contains an attractor on its holonomy group.
The proof is a straightforward consequence of the following lemma: Lemma 3.3 (extension lemma). If ω is a closed transversely holomorphic 1-form defining F in W * = W \Λ then ω extends to a transversely meromorphic 1-form in W provided that the holonomy group Hol(F, L) contains an attractor for each leaf L ⊂ Λ.
Proof. We may assume that Λ = L is a single compact leaf of F. Choose a C ∞ tubular neighborhood U of Λ fibered by holonomy holomorphic discs and we may assume that U = W ; the extension is a local problem around Λ. Let π : W * → W * be the universal covering of W * with transversely holomorphic projection. Lift ω to a ∆-formω = π * (ω) in W * . Thenw is closed, transversely holomorphic thereforeω = d F for some function F : W * → C which is transversely holomorphic. Thus ω = dF for a multivalued transversely holomorphic function F in W * (notice that F is not actually a function in W * ). Given a point p ∈ Λ we consider the corresponding disc D p ∋ p and its punctured disc
is therefore a holomorphic covering of the punctured unit disc D * . We may therefore consider a holomorphic covering Π :
The liftf preserves the foliation F = π * (F) and therefore it satisfies F (f (z)) = F (z), ∀z ∈ D. We have Π(z) = e 2πiz = z so that if λ = e 2πiµ thenf (z) = µ +z we may assume. Therefore F (z) satisfies
Since |λ| = 1 we have µ ∈ R and therefore d F (z) gives a holomorphic differential 1-form in the complex 1-torus Notice that this is not clear at first sight and shows that an additive transverse holomorphic structure can "degenerate" into a multiplicative structure.
The transversely affine case
Let F be a real codimension 2 foliation on M ℓ+2 . The foliation F is C-transversely affine if there exists a transversely holomorphic atlas of submersions y j :
The following proposition is a characterization of the existence of such structure in terms of differential forms. (i) Ω j and η j are transversely holomorphic, Ω j is integrable and defines
(ii) Two such collections (Ω j , η j ) and (Ω ′
is proved similarly and we refer to [17] .
4.1. Holonomy. From now on in this section we consider the following situation. We have F a transversely holomorphic foliation on M , having a C-affine transverse structure in M \ Λ for some compact analytic set of dimension one Λ ⊂ M . We shall study the holonomy groups of leaves L ⊂ Λ. We have seen that in the C-additive case, the holonomy groups are solvable. A similar result holds for the C-affine case. Nevertheless, the proof requires more technical features as we will see below.
Theorem 4.2. Let F be a transversely holomorphic foliation of codimension one on M ℓ+2 . Assume that F has a C-transversely affine foliation on M ℓ+2 \ Λ for a compact curve Λ ⊂ M . Given any leaf L ⊂ Λ the holonomy group of L is solvable.
Proof. Given a point p ∈ M \Λ we may consider a small open simplyconnected neighborhood U p ∋ p in M \Λ where we can write η| Up = dgp gp for some transversely holomorphic non-vanishing function g p : U p → C − {0}
in U p implies Ω = g p dF p for some transversely holomorphic function F p : U p → C, which is a local first integral for F in U p . If we choose anotherp ∈ Up ⊂ M \Λ then in case U p ∩ Up = 0 we have Fp = α F p + β for some affine mapping (z → αz + β). We introduce therefore the multiform function F on M \Λ by writing F = Ω e η or also dF = [γ] ∈ π 1 (M \Λ; p)} be the set of such transversely analytic continuations and P −1 (p) = {determinations F p on F at p}. Then π 1 (M \Λ; p) acts transitively on P −1 (p). There exists therefore a regular covering A(F ) −→ P M \Λ with total space A(F ), fiber over p equal to P −1 (p) and covering automorphisms group isomorphic to π 1 (M \Λ; p) P # (π 1 (A(F ), F p ) =: M(F ). We call M(F ) the monodromy group of F . The canonical projection µ : π 1 (M \Λ; p) → M(F ) is called the monodromy map of F and associates to each homotopy class [γ] ∈ π 1 (M \Λ/p) the corresponding determination F p, [γ] at the point γ(1) = p.
Given any leaf L 0 ⊂ Λ we fix a point p 0 ∈ L 0 and a small holomorphic
q ∈ L 0 with r −1 (p 0 ) = D 0 and N * = N \L = N \Λ we obtain by restriction a C ∞ fibration r * : N * → L 0 fiber a punctured disc D * = D − {0}. The homotopy sequence for this fibration gives the exact sequence below 
We shall use the following lemma
Lemma 4.3 ([18]
). There exists a unique morphism (µ) which makes commutative the following diagram
as the monodromy of F associated to L 0 and call the morphism (µ) : π 1 (L 0 ; p) → M(F ; L 0 ) the monodromy mapping of F relatively to L 0 . Now we use
Lemma 4.4 ([18]
). There exists a surjective morphism α which makes commutative the diagram
, where y is a holomorphic coordinate on D 0 , we denote by ℓ(y) [γ] its analytic continuation along [γ] ∈ π 1 (L 0 ; p 0 ) so that we have an element ℓ(y) [γ] = (α • Hol)([γ]) of the monodromy group M(F ; L 0 ). Also we need:
4.2. Extension. We keep on considering the situation of the previous paragraph. Moreover, let F be given in M by a transversely holomorphic integrable 1-form Ω. Our first step is the following: Proposition 4.6. Let L ⊂ Λ a leaf whose holonomy group contains a hyperbolic attractor. Then we may find a fibered neighborhood W of L by holonomy discs D as above and a transversely meromorphic 1-form η L in W such that: Proof. We already know from Theorem 4.2 that the holonomy group of each leaf L ⊂ Λ is solvable. Given a point p ∈ L consider a transverse disc Σ ⊂ M to F with Σ ∩ Λ = Σ ∩ L = {p}. We put G = Hol(F, L, Σ, p). By means of a local holomorphic coordinate z ∈ Σ we may consider G as a subgroup of Dif(C, 0).
There is a germ of a holomorphic vector field X (z) in Σ such that for any g ∈ G we have g * X = c g X for some constant c g ∈ C * = C−{0}.
Indeed, it is well-known that a solvable subgroup G < Dif(C, 0) admits such a formal vector field which is projectively invariant. Moreover, this vector field is is convergent in the case the group contains some nonresonant (hyperbolic for instance) map [8] , [12] ). Now we may write, up to an analytic change of coordinates in Σ, X (z) =
for some constant c g ∈ C * = C − {0}. We have two cases to consider:
G is abelian. In this case, because it contains a hyerbolic (analytically linearizable) map, the group G is analytically linearizable. We may therefore construct a closed meromorphic one-form ω with simple poles, (ω) ∞ = L, in a neighborhood W of L in M . The form ω is given in any linearizing transverse coordinate z by ω(z) = dz z . In this case we have Ω = gω for some transversely meromorphic one-form g in W .
Since Ω/g is closed, we have that η L := dg g satisfies dΩ = η ∧ Ω. G is solvable non-abelian. In this case there exists g ∈ G with c g = 1 and therefore a = 0, i.e., χ = z k+1 d dz giving an analytic embedding G ֒→
In this case we cover a neighborhood of L ⊂ M by local charts (x, z) ∈ R ℓ × C where F is given by dz = 0, and the coordinate z gives the embedding of the holonomy group as a subgroup of H k . If we write on each chart Ω(x, z) = gdz then we put η(x, z) := Then we prove the following extension result: Proposition 4.8. Let F be C-transversely affine on M \Λ and given in M by Ω. Suppose that each leaf L ⊂ Λ contains an attractor on its holonomy group then there is a closed transversely meromorphic 1-form η in M with polar set (η) ∞ = Λ of order one and such that dΩ = η ∧ Ω. Moreover for any leaf L ⊂ Λ we have:
Proof. The existence of a C-affine structure in M \ Λ gives us via Proposition 4.1 a form η defined in M \ Λ with the properties announced. The problem is to show the extension of η to Λ. For this sake we consider the restriction of η to W \Λ = W \L =:
If η − η L ≡ 0 then Ω| W * admits h as an integrating factor. Let us prove the extension of η to L. This is done as follows: Now we have two possibilities:
Hol(F, L) is abelian. In this case, since it contains a linearizable attractor, Hol(F, L) is abelian linearizable and F is given by a closed transversely meromorphic 1-form ξ in a fibered neighborhood W of L in M as above, moreover ξ| D writes as ξ| D (z) = dz z in suitable holonomy holomorphic coordinates z in D. Since, because Hol(F, L) contains a hyperbolic element, there exists no meromorphic first integral for F in W we must have ξ unique, up to multiplicative constants. Therefore ω(z) = ϕ −1
2 nd . Hol(F, L) is solvable but not abelian. In this case there exists a holomorphic imbedding Hol(F, L, D) ֒→ H k for a unique k ∈ N and F| W cannot be given by a closed transversely meromorphic 1-form. Therefore ω ≡ 0 and η = η L in W .
Proof of Theorem A
Let F be C-transversely affine on M \Λ and given in M by Ω. Suppose that each leaf L ⊂ Λ contains an attractor on its holonomy group. By Proposition 4.8 there is a closed transversely meromorphic 1-form η in M with polar set (η) ∞ = Λ of order one and such that dΩ = η ∧ Ω. Now we consider the special case where Λ = L is a single leaf of F. Let a ∈ C denote the residue Res L η. Let us prove that the holonomy group Hol(F, L) is abelian, which implies Theorem A. If this is not the case we have a = k +1 for some k ∈ N. This case is dealt with via the following lemma:
Lemma 5.1. Suppose that any closed transversely holomorphic 1-form on M is exact and Λ = L = {f = 0} for some transversely holomorphic function f : M → C. Then F is given in a neighborhood of Λ by a closed transversely meromorphic 1-form with simple poles ω, defined in a neighborhood U ⊃ Λ of Λ in M .
Proof. We shall first consider the following simpler case.
Assume that Λ is given by some analytic equation Λ : {f = 0} where f : M → C is transversely holomorphic.
We may write by hypothesis η = (k + 1)
f k+1 e ϕ is closed transversely meromorphic and defines F in M with polar set (ω) ∞ = Λ. But this implies that Hol(F, Λ) is abelian and therefore abelian linearizable for it contains an attractor. Using well-known techniques from [5] , [18] , [7] one can construct a transversely meromorphic 1-form ω, with order one polar set (ω) ∞ = Λ, is a neighborhood U of Λ in M , such that ϕ i for some constant c ij ∈ C. From the hypothesis H 1 (Λ, C * ) = 0 we obtain constants {c j } such that if U i ∩ U j = ∅ then we have c ij = c i /c j . Thus we may define f : W (Λ) → C by setting
ϕ j . This is a transversely holomorphic function such that Λ = {f = 0}. The proof then follows from the first case.
Applications: Proof of Theorem B
In this section we give some applications of the techniques we have introduced. In this course we shall prove Theorem B. We start with the following situation: G is holomorphic foliation of codimension one and with singularities on a complex manifold X of dimension n ≥ 1. Suppose that G is transversely affine (as a singular holomorphic foliation) (see [17] , [18] ) on X\Γ for some analytic invariant codimension one subset Γ ⊂ X. Let M ⊂ X be a real closed hypersurface that we suppose to be transverse to G (see [16] ). Then the induced foliation F = G| M is transversely holomorphic of codimension one with a holomorphic affine transverse structure on M \Λ, Λ := Γ ∩ M is a union of compact leaves of F.
Lemma 6.1. In the above situation for F, Λ, G, Γ, M and X suppose that each leaf L ⊂ Λ contains an attractor on its holonomy group. Then G admits in a small tubular neighborhood W of M in X, a 1-form η closed meromorphic in W with simple poles (η) ∞ = Γ∩W and such that dΩ = η∧Ω where Ω is any holomorphic 1-form that defines G in W .
Proof. Given Ω in a neighborhood of M in X as above, by Proposition 4.8 we may obtain a 1-form η transversely meromorphic and closed in M such that d(Ω| M ) = η ∧ Ω| M and (η) ∞ = Λ has order one. By transversality we may extend η to a small neighborhood W of M in X as above (see [6] , [18] ).
Under the hypothesis of Lemma 6.1 above if also X is a Stein manifold and M = ∂A is the smooth boundary of a relatively compact open subset A ⊂ X then by Levi's Extension Theorem ( [5, 20] ) the 1-form η extends to a meromorphic (closed) 1-formη on W ∪ A.
We proceed under the assumption that M is simply-connected.
6.1. The irreducible case. As a first case assume thatΛ := (η) ∞ is irreducible given by an analytic equation sayΛ = {f = 0} for somef : W ∪A → C holomorphic and reduced. Denote by F the restriction of G to W ∪ A.
Also, if we denote by Λ = Γ ∩ (W ∪ A) then π 1 ( Λ) is naturally isomorphic to π 1 ( L). Using now Claim 6.2 and the construction in [5] §2 (see for instance the proof of Proposition 1 therein) we can construct a closed meromorphic one-formξ definingF in a neighborhood of Λ in W ∪A such thatξ defines F outside the polar set (ξ) ∞ = Λ which is of order one. Notice that, as before, given a non-singular poin p ∈Λ and a transverse disc Σ toΛ at p =Λ∩Σ, we may choose a holomorphic coordinate z ∈ Σ such that the holonomy group Hol(F ,L, Σ, p) is linearized by the coordinate z : (Σ, p) → (C, 0). Then, we haveξ Σ = dz z . Now, the dynamics of F near M allows to extendξ to a neighborhood of M : indeed the holonomy of any leaf of F not contained in Λ is abelian linearizable (a subgroup of Aff(C) with a fixed point at 0 ∈ C) therefore we may write locallyξ = dỹ y and extend the function y to a "multivalued" holomorphic function constant on the leaves of F. Since the only non trivial dynamics of F is concentrated on Λ we conclude that this extension is coherent. Thus we may takeξ as dỹ y for such an extension which gives the desired extension ofξ (see [2] for a similar argumentation on the extension).
Finally,ξ extends by transversality to a neighborhood od M in W ∪ A and by Levi's Extension Theorem it extends to W ∪ A.
Now we have obtained a closed meromorphic 1-formξ in W ∪ A with simple poles so that (ξ) ∞ = {f = 0}. Therefore, again, we may integratẽ ξ − α df f =φ for a suitable α ∈ C − {0} and obtainξ = α for holomorphic functionsf j : W ∪ A → C and complex numbers α j ∈ C − {0}. Indeed, there are two problems that we shall deal with. One is the possibility that different components have different types of holonomy groups (some abelian, some non-abelian). The other is that we may find a coherent extension to the closed one-forms that we construct in a neighborhood of each component. In order to assure the coherency of the extension one only has to observe that in a neighborhood of a component Λ j ⊂ Λ minus Λ j itself there exists (up to multiplication by constants) a unique closed holomorphic 1-form that defines F; this is because the quotient of two such closed 1-forms is a meromorphic first integral for F. On the other hand, since the holonomy group of Λ j contains an attractor, given any neighborhood V j of Λ j in M , there exist no meromorphic first integral for F in V j \Λ j except constants.
Thus we have nearly proved the following: Theorem 6.3. Let G be a codimension one holomorphic foliation with singularities in a complex Stein manifold X n of dimension n ≥ 3. Let A ⊂ X be a relatively compact open subset with simply-connected smooth boundary M = ∂A transverse to G. Suppose that the induce transversely holomorphic foliation F = G| M is holomorphically transversely affine in M \Λ for some invariant subset Λ = Γ ∩ M where Γ ⊂ X is analytic and invariant by G. Also assume that each leaf of F L ⊂ Λ contains an attractor on its holonomy group. Then G is given in a neighborhood of A in X by a closed meromorphic one form of logarithmic type.
Proof. We write Λ = Λ 1 ∪· · ·∪Λ r in irreducible components Λ j with Λ i ∩Λ j = ∅, ∀ i = j. Notice that the components are disjoint because F is nonsingular. If r = 1 then we are done owing to the above discussion. This is also the case if r ≥ 2 and the a j = Res Λ j η satisfies either of the following conditions:
(1) 2 ≤ a j = k j + 1, k j ∈ N, ∀ j ∈ {1, . . . , r}. In this case G is given by a closed rational 1-form
...f kr +1 r and we proceed as above.
(2) a j − 1 / ∈ N, ∀ j ∈ {1, . . . , r}. In this case each Λ j has abelian linearizable holonomy and we may construct a simple poles closed meromorphic 1-formξ defining F in a neighborhood W ∪ A of A in X. Therefore, it remains to consider the case 2 ≤ a j = k j + 1, k j ∈ N for j ∈ {1, . . . , j 0 } and a j − 1 / ∈ N, ∀ j ∈ {j 0 + 1, . . . , r} = ∅. Beginning with some component Λ j with j ∈ {j 0 + 1, . . . , r} we construct a closed 1-formξ in a neighborhood of Λ j and extend it to a neighborhood of each Λ j with j ∈ {j 0 +1, . . . , r}. It remains to extendξ to a neighborhood of the Λ j for which j ∈ {1, . . . , j 0 }. Suppose by contradiction that Hol(F, Λ 1 ) is not abelian. In a neighborhood V 1 of Λ 1 minus Λ 1 there exists, up to multiplication by constant, a unique 1-form η 1 such that d Ω = η 1 ∧ Ω: given two such 1-form η 1 and η ′ 1 we have η 1 − η ′ 1 = h Ω which is a closed 1-form in V 1 \Λ 1 defining F if non trivial. Since the holonomy of the leaf Λ 1 of F is non abelian such a closed 1-form cannot be identically zero and therefore η = η 1 in V 1 \Λ 1 .
Thus, given h 1 in V 1 \Λ 1 by Ω = h 1ξ we have d Ω = Thus we have obtained, as in Claim 6.2, that every component Λ j ⊂ Λ has abelian linearizable holonomy group. As in the paragraph preceding the statement of Theorem 6.3 above we may obtain a global 1-formξ in a neighborhood of A in X.
Theorem B is now a straightforward consequence of the above. Remark 6.4. We conclude from the proof above, that Theorem B also holds if we replace the hypothesis that M is simply-connected by assuming that H 1 (M, Ω O F ) = 0. It also holds for dimension n = 2 if we assume that singularities of the foliation G in Γ ∩ A are the so called first order singularities (cf. [5] ) meaning that they are non-dicritical generalized curves.
